
Optimal Paper Mobius Bands

Let's make a Mobius band out of paper

x1

l easy

1
can't connect

hard

Q Find inf X in v makes paper mobius band

i.e admits isom embedding to mathbbR3

One limit construction
sqrt3 frac2sqrt33fracsqrt33

1 fold1

fold
give

So infleqsqrt3



Thm Rich Evan Schwartz 24

inf sqrt3

inThm S 24
mobius band

Given leftMlambdanInright isom embeddings

lim_nrightarrowinftylambdansqrt3 we have that the In converge

uniformly to the embedding above

up to isom

we'll prove Thm

Idea

image of
mobius band is
foliated by straight
line segments bends

1

2 Two bends which are

coplanar AND

This by Borsuk Ulam
T pattern

Finish by showing an

equilateral triangle minimizes

Mobius band length w T pattern

3



From now on consider IMxrightarrowmathbbR3 isom embed

We wish to show lambdasqrt3

1 Bends

Def Foliation by 1 dim submanifs Partition which

locally looks like 11 1
Lemma 1 IleftMxright admits a foliation by straight

line segments bends

bet I1 bend prebend
it's ok that
our Mx is not
oni we'llonly
use local or
stiles of it

For Lemma 1 recall Gauss map

etaSigmacmathbbR3rightarrowS2
unit normal
vector at p

oriented
embedded
surface

P

Basic DG Facts

1 We can identify
Tnleftprights2 w Tp so we get

dypTpleftrightarrowTyleftprightS2simeqTpright
This map is self adjoint so it's diagonalizable
w eigenvectors

etaleftprightp

21 detdetapkleftpright Gauss curvature



frac12trdetapHleftpright Mean curvature

Thm Egregium Gauss curvature is an

isometry invariant Notably for Mlambda

Kleftprightequiv0

sketch
To prove Lemma 1

Consider UleftPinSigmaHleftprightneq0right
Since dyp is self adjoint and it's trace 0
we have that kerdyp im dyp y form an

really pick nonzero
bot basis of VFS at every pt vectors in here

By Const Rank Thm since ru duplu _1

y locally factors thru a map from to anemb

1 manif Taking preimages foliates Σ by
curves integral to ker up
r On each curve y

y is const by integrating
y locally factors as a map

to a t dim immersed submanif of 5

So im dyp is loc hence glob
const on 2 since it's the vector

tangent to this submanif

Σ

indyp



So kev up is also const on y But

I Kev up so y is a straight
line segment

This foliates U by bends From here

not hard to show that ΣlU looks like

a collection of trapezoids in which you

can easily construct a foliation

02 Finding a T

so IleftMlambdaright is foliated by bends Parameterize

prebends in Mlambda by where they hit

the centerline mathbbRlambda7Ltimesleftfrac12right specifically
leu be the bend hitting left12right

Ut

r

11

View pairs of distinct bands leftutusright

by mapping them to



leftUTUSrightrightarrowleftTSTrightinmathbbRlambdatimesleftOlambdaright
Embed mathbbRlambdaxtimesleft0lambdarightrightarrowS2

1leftsright S
1t
1

This compactifies space of bend pairs

north pole lim_srightarrowleftutusright
south pole lim_srightarrowleftutusright

Now given leftutvsright pick u utvsus

VtVs unit vectors such that moving rightwards

t S carries the VT orientation to us

v vs
t S

Let me be the midpt of Ut Def

s2rightarrowmathbbR2leftutvsrightrightarrowleftvtcdotvsleftmtmsrightcdotleftvtxvsrightright
This is well def'd f0

leftmmsvvsright
coplanar

north pole left10right
south pole left10right

Also varphi1leftleft00rightright consists of T patterns



Now the map leftuusrightrightarrowleftusuright
Is conj to the antipodal
map on s2

Negates varphi

So by Borsuk Ulam y has a

zero i.e a T pattern

03 Finishing

Intuitively easy to see why T pattern

finishes I have to interpolate btwn

edges in T pattern this is shortest

in Δ config

Details

Consider bends leftutvsright forming a T pattern

Label the diagram as follows

A BC BA
KK l lz cl1 e2Mlambda

ly13
IleftMlambdarightB AD

e4

Here Abetac1 D coplanar
in plane PsubsetmathbbR3

l3Not ness
true that
estly geql1l7
but not bigdeal D



Note CDgeq1 Also ABgeqABsqrt1k2
Easy lemma

ADDBgeqsqrtAB24 1 w equality
if c

f

E

ais

A

e

BADBD

Ok This gives

2lambdal1l2l3l4
geqABADBD
geqsqrt1k2sqrt5k2

Also

2lambdal1l2l3l4geq2leftl3l4right2k2sqrt5k22k

Combining the inequalities gives lambdasqrt3
Not hard to show that lambdarightarrowsqrt3 gives

IleftMxrightrightarrowDelta



Next steps

What about more half twists

2 half twists

One but not only optimal construction

1 13
n 42 Ll

flipflip

6hatint flip

glue

O n half twists

boundary always forms

left2nright cable over

1 2 centerline



For any n 3 F T E works

Hennessy 24
2

1

fold inzigzag

fold directly

connect

In fact 35 E works Neinhaus

Thanks


